Few historical remarks.
• H. S. Hele-Shaw (1898) -description of an experiment in 2D cell • S. L. Leibenson (1932) -application in oil production • Yu. P. Vinogradov, P. P. Kufarev (1948) Internal domain F is a fixed small obstacle (hole).
The simply connected domain without hole will be denoted D(t). 
It is supposed that
is proportional to the pressure p gradient:
where µ is the viscosity coefficient of the fluid. For h and µ being constant
Surface tension dynamic boundary condition
and kinematic boundary condition
Together with Hele-Shaw equation it gives
Real-variable Hele-Shaw model.
New unknown one-parametric family of C 2 -diffeomorphisms
The function w(s, t) in (10) determines an unknown parametrization of the free boundary Γ(t)
It follows from the relations (4)- (7) that for each fixed appropriate t the unknown pressure p coincides up to constant factor with Green's function of the operator −△ in the doubly connected domain D 1 (t) with the homogeneous Neumann data on the fixed boundary ∂ F and the homogeneous Dirichlet data on the free boundary Γ(t).
and G D 1 (t) is the solution of the following mixed boundary value problem
Real-variable formulation in terms of diffeomorphisms.
Problem (HS 0 ). Find a pair {w(s, t); G(z, z 0 ; t)}, such that w(s, t) : 12µ · ∇G(w(s, t), z 0 ; t) for all (s, t) ∈ ∂ U × I.
Mazya-Movchan asymptotic results.
Let 
Let G be Green's function of the Dirichlet problem for operator −△ in Ω
where H is a unique solution to the following problem
Introduce auxiliary variables (scaled coordinate) ξ = 1 ε z, η = 1 ε ζ.
Define the Neumann function N of the exterior Neumann problem for
where h N is a unique solution to the following problem (regular part of the Neumann function)
Introduce the vector dipole fields
where n 1 , n 2 are components of the inward unit normal vector to ∂ ω.
The dipole fields D j , j = 1, 2, satisfy the asymptotic representation for sufficiently large |ξ|
where
Representation of the solution.
Thus
This function have to satisfy the following relations:
where w (0) (s) ∈ C 2 (∂ U) is a given function.
We consider four essentially different situations:
(a) the source z 0 and ALL points z = w(s, t) of the boundary ∂ Γ (0) of the initial domain D 1 (0) are distant from the boundary ∂ ω ε of the obstacle;
(b) the source z 0 is close to the boundary ∂ ω ε of the obstacle, but ALL points z = w(s, t) of ∂ Γ(0) are distant from ∂ ω ε ;
(c) the source z 0 and SOME points z = w(s, t) of ∂ Γ(0) are close to the boundary ∂ ω ε of the obstacle; we consider those points z = w(s, t) which are distant from ∂ ω ε ;
(d) the source z 0 and SOME points z = w(s, t) of ∂ Γ(0) are close to the boundary ∂ ω ε of the obstacle; we consider those points z = w(s, t)
which are close to ∂ ω ε .
